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Abstract

The objective of this paper is to formulate the governing equation of a cantilever bimorph beam
associated with a tip mass in contact with a viscoelastic material, which is modeled by a stiffness and a
damper in parallel. From the eigenvalue problem, we can obtain the resonant frequencies as functions of
the tip mass and material stiffness. The relation between the spectrum and material damping is established
by the half-power bandwidth. It is found that the resonant frequencies increase as the material stiffness
increases or the tip mass decreases, and the spectrum decreases by increasing the damping. From the
analytic results, a cantilever could provide a technique to assess material viscoelasticity by simple
measurements of the resonant frequency and the spectrum. Since the cantilever’s behavior scales with its
geometry, the device can be designed specifically for mechanical measurement of a microscopic system such
as living cells and biomaterials.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

As the precision science develops allegro, the door is opened to the microcosm, i.e. the world of
atomic. The scanning tunneling microscope, atomic force microscope (AFM) and their offshoots
are the important keys [1] to open the door and they are referred to as the scanning probe
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microscope. The atomic force between the microcantilever tip and sample is employed during the
process of measurement. The AFM, with its ability to image surface on the nanometer scale,
offers the potential to measure directly the viscoelasticity of living cells and biomaterials. Some
important observations of the AFM were made from the governing equations and boundary
conditions [2].

In recent years, mechanical devices using piezoelectric effects have drawn much attention both
scientifically and technologically, because a piezoelectric actuator is able to control a micrometer
displacement accurately and quickly. The microcantilevers have made it possible to build new
sensors, which are simple, compact and easy to operate, for measuring magnetic susceptibilities of
nanogram materials [3], the swelling or volume expansion experienced by an active sensing
material [4], the solution pH [5], material damping [6] and Young’s modulus [7].

This paper studies the dynamic behavior of a stepped piezoelectric cantilever beam, which is
composed of two piezoelectric layers and one sandwiched nickel layer. The dynamic formulation
based on the general concept of constitutive laws of piezoelectric material [8] is derived by
Hamilton’s principle. In order to obtain the relations of resonant frequencies with respect to the
tip mass and material stiffness, the eigenvalue problem is solved. Some observations from
the governing equations, transition conditions, continuous conditions and boundary conditions
are discussed. Finally, the numerical method using the finite element method is provided to
illustrate the dynamic responses and their spectrum for the piezoelectric cantilever bimorph
beams. Consequentially, the material stiffness can be obtained from the eigenvalue problem
and the material damper can be calculated from the half-power bandwidth of the frequency
spectrum.

2. Dynamic model development
2.1. Physical model

The system model shown in Fig. 1 is a parallel connection of the piezoelectric bimorph beam.
The two piezoelectric layers are used as the actuator. The directions of big arrows represent the
polarization directions of the piezoelectric layers. For the microcantilever beam, the slenderness
ratio is very small, and Euler-beam theory is suitable to describe its behavior. First of all,
Hamilton’s principle [9,10] will be employed to derive the equations off motion for the
piezoelectric bimorph system.

2.2. Equations of motion

In order to formulate the equations of motion, the cantilever beam is divided into two regions:
the triple-layer beam 0 <x <¢, and the nickel beam ¢, <x <{;. The subscripts p and b are denoted
for the piezoceramic bimorph and the nickel beam, respectively. The cantilever is a flexible beam
with length £, width w;, and thickness #;,. The tip mass is a pyramid rigid segment with height 4,
thickness 2¢ and width w. The unknown material stiffness and damping coefficient are assumed as
k and ¢, respectively. The tip mass could be in another sense of describing the equivalent mass of
material stiffness, which is assumed massless in the dynamic modeling. The distance between the
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Fig. 1. Schematic diagrams: (a) the piezoelectric cantilever bimorph beam; (b) the deformed configuration.

point Q and the geometric center H is e. The oxz coordinate system is employed to describe the
planar motion. The electric field and applied voltage direct along the z-axis.

2.3. Kinetic and strain energies
The neutral-axis displacements of an arbitrary point A of the piezoelectric cantilever beam are

u(x,z, 1) = —zovy(x, 1), us(x,z 1) = v(x, 1), (1)

where v(x, ) represents the transverse displacement. The subscript x represents the spatial
derivative. The position vector after deformation is

Ry(x,z, 1) =[x — zvu(x, D]i + [z + v(x, D)]k. 2)
The deformed position vector of the mass center point H is
Ru(x,z,1) = (€ + Di+ [z + v(Cp, 1) + Cox(Lp, 1) — e]k. (3)

Therefore, the total kinetic energy of the cantilever system including the tip mass can be expressed as

2 dt dt d¢ dt

lower

1 d d 1 d d
T:—/I; pp—RA-—RAde +§/V pp_RA‘—RAde

upper

1 d d 1 d d
- SR LR AV +-m SR, SR
+2/prde TR R R TR A TR



532 J.-L. Ha et al. | Journal of Sound and Vibration 289 (2006) 529-550

A 1 16 t
/ ppApvf(x, t)dx + —/ ppApvf(x, t)dx + / pbA;,vf(x, t)dx
0 2 Jo lower 0

| —

upper

1
+ 5 m[vt(fb, t) + fvxt(fbs Z)]z

[p Cy 1
= [T padnndxt [ g dr S mleton ) + ot )
0 &

where pA = p, A, + ppAs, p,Ap = PpAplupper + PpApliower» p 18 the mass density, 4 is the total
cross-sectional area of the triple-layer beam, 4, = w,t, and 4, = wp1;,. The subscript 7 represents the
time derivative. It is noted that the piezoelectric term with subscript p exists only for the region
0 <x<{, and the electric field has no influence on the region £, <x <{;. In Eq. (4), the rotary inertia
is neglected for the Euler-beam assumption.

The Lagrangian strains of the piezoelectric cantilever beam are

Ep11 = Ep11 = —ZUxx, Ep12 = Epl2 = 0, ep3z=epm = Ep13 = Ep31 = 0. ®)

If an electrical field E3 is applied across the thickness direction of the piezoelectric bimorph with
parallel polarity, the constitutive equations for these two piezoelectric layers will be

™ | Opl1 E, —hy||éen ©)
e upper layer: = ,
pp Y E3upper _h31 ﬂ33 D33
Opll E, —h3 Epll
The lower layer: = , 7
Y E3jower —h31 P —Ds;3 @

where D33 and E), are the electrical displacement and Young’s modulus of the piezoelectric layers
along the z-direction, respectively; ¢,11 and ¢,; are the mechanical strain and stress in the
x-direction, respectively. E3ypper and E3jower are the electric fields applied to the upper and lower
piezoelectric layers, respectively. 535 is the dielectric constant and /3, is the piezoelectric constant.

The potential energy of the cantilever bimorph beam including the material stiffness attached at
the tip mass is

1
= 5/ (p118p11 + D33 E3ypper) d V),
v,

1
+§/ (Gp118p11 + D33 E310wer) AV,
Vp

upper lower
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where EA = EyA, + EyAp, EI = E)ly + Eply, I, = [, 22dd,, Iy = [, 2dds, and Ej is the
Young’s modulus of the cantilever nickel beam.

The virtual work done by the electrical voltage V.., the material damping ¢ and the initially
normal force /" acting on the tip is

[P
oW =2 / VeewpoD33(x, ) dx + {f — c[vllp, 1) + Cvxi(ly, OBO[0(Lp, 1) + Lox(lp, D). (9)
0

2.4. Hamilton’s principle
By using Hamilton’s principle [9,10]
5]
/ [6(T —U)+oW]dt =0, (10)
141
we obtain the governing equations for each region of the piezoelectric cantilever bimorph beam:
it piAivin + Eid Vixxxx = 0,
i=1for 0<x<{, and i =2 for {,<x<{}, (11a,b)

D33 1 —(t) + 2tp)Aph3iV1xx + 2V eew, — 2A,P33D33 =0, 0<x<{), (11c¢)
where p, A1 = p,Ap + ppAp, p2A2 = ppAp, E1ly = Eply + Eplpy and Exly = Epl),.
The boundary conditions at x = 0 and ¢} are
x =0
v1(0,£) =0, v1,(0,£) =0,
x =4
mlvan(Cp, 1) + Coaxe(Cp, D] + c[0i(Ch, 1) + Coxi(Ep, D] + k[v2(Lh, 1) + Lv2x(Cp, 1)]
— Eplpvx(bp, ) = f, (12a,b)

mlvau(Cp, 1) + o2 (L, D] + cllol(Cp, 1) + Lo (Cp, D] + kl[v2(Cp, 1) + Cvax(Lp, 1)]
+ Eplpvasc(Cs, 1) = f L. (12¢,d)
From Eq. (11c), we have the electric displacement
2V eewp — (ty + 2tp) Aph3101x
24,33 ’

which is caused by the external voltage V.. and the curvature v;,,. By using Eq. (13) for the
two adjacent regions, 0 <x<{, and £, <x<{;, from Eq. (10) we have the transition conditions
at x = ¢:

D33 =

(13)

Exlyvrelly, 1) = Erl1v10a(L, , 1), (14a)
. W3 A, (t, + 2t)* ~ 1
Exluon(ly, 1) — | Eidy — 4p v, ) = 5 Mo, (14b)
33
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where m, = (t, + 2tp)h31 VW, / B33 is the moment induced by the external voltage V.. In the
manipulation of Eq. (14), we have used the following continuous conditions:

016y, 1) = sl L, 1), (15)

o6y, 1) = v2(CF, 1. (16)

2.5. Discussion

From the governing equations (11a,b), boundary conditions (12a—d) and transition conditions
(14a, b) of the system, the following observations are made:

(1) The governing equations (l1la,b) for the transverse displacements are homogeneous.
Transition condition (14a) describes the continuity of the shear force. The applied voltage
V.. becomes an external moment, and appears in the transition condition (14b). The moment
causes the jump of bending curvature at the point x = £,.

(2) When an electric filed is applied to the two parallel piezoelectric layers of the cantilever beam,
the upper layer expands but the lower layer contracts along the length direction. This will
produce a pure bending moment and is mathematically seen from Eq. (14b).

(3) The piezoelectric bimorph is suitable to actuate the cantilever beam because that only the
bending moment m, is produced by the applied voltage. Based on the Euler beam’s
assumption, the beam is bent and the length of the neutral axis remains unchanged when an
external voltage is applied.

(4) Under the external voltage, the piezoelectric cantilever bimorph beam produces a pure
bending deformation. Such a model is feasible to be designed as a measuring device, which is
affixed as tip mass at the free end and is shown in Fig. 1.

2.6. FEigenvalue problem

For the convenience in search of the behavior of the system parameter, we define the following
dimensionless variables and parameters:

o vy X ) £ my,
1=z Va=gn ¢ o M=g TEorh o CSEL
o m kt; - cl) r f ,  TEpl,
=, =—", = =, W = .
PpAbLs Epl) 4/ py ApEpT) ppAlra? T pAytt
Substituting them into Egs. (11a,b) and (12a—d), we have the dimensionless governing equation
d*v; d*v;
i#-l-b,-rc“ﬁ:& i=1for0<é<p and i=2foru<é<l, (17)
dé dt
where
E,I,+ Eyl A, + p,A
al:M b]zM and a2:b2:1_

Eyl, PpAp
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The continuous conditions become

Viu™,1) = Va(ut, 1), (18)
Vigu™,1) = Vae(u®, 7). (19)

The transition conditions become
ayVigee(p, 1) — Vaeee(ut, 1) = 0, (20)
—Viee(u™, 1) + Voeeut, 1) =1 M, (21)

where
, B A1 + 20
4ﬁ33Eb1b

The boundary conditions become

VI(O:T) = Oa Vlé(oa T) = Oa (22, 23)

M[VZ‘L"L'(I’ T) + LVZérr(la T)] + C[ V2‘E(1’ T) + LV2CV‘E(1’ T)]

K 1
+F[V2(1’T)+LV2§(1’T)]_F Vayeee(1,7) = F, (24)

ML[V2:(1,7) + LV2:0:(1,0)] + CL[V2:(1,7) + LV e:(1,7)]
1 1
+gKL[V2(1,‘L')+LV2§(1,T)] +F Vggi(l,‘l?) = FL. (25)

In order to obtain the eigenvalue problem, the damping C, the initially normal force F and the
bending moment A, are neglected in this section. For the discrete systems, we explore the
circumstance under which the motion of the beam is synchronous [10]. In mathematical
terminology, such a solution V;(£, 1) of the boundary-value problem (17) and Egs. (22-25), is said
to be separable in the spatial variable ¢ and the time 7, and can be expressed in the form

Vi€, 1) = ®()T(x), i=1,2, (26)

where @;(£) represents the beam shape, and is a function of ¢ alone, and T'(t) indicates how the
amplitude varies with time t.
By using the method of separation of variables, we have the following boundary value problem:

& [dzqz»(é)
d& | d&
where ] = (n*b;/a;)»?, i = 1,2, and the solution must satisfy the boundary conditions (22-25). It
is noted that one natural frequency @ and two eigenvalues f; and f, exist in this problem of the
cantilever beam being divided into two regions.

Inserting Eq. (26) into Egs. (18-25) and dividing by T'(t), the continuous conditions (18, 19),
transition conditions (20, 21) and boundary conditions (22-25) reduce to

Py (1) = Po(u”), (28)

] — Bl =0, 0<i<l, 27)
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Pre(u) = Poe(u’), (29)
aPreee(n”) = Pozee(ph), (30)
oee(uh) — 9@rze(p) = 0, (31)
®,(0) = 0, dqzlf(o) =0, (32, 33)
d [d*y(1) do,(1) 4 do ()] _
d_g[ e ] —K[¢2(1)+L< 3 ﬂ +ﬁ2M[d>2(1)+L( iz )} =0, (34)
d*®y(1) dd,(1) . do,(1)\]
2 +KL[Q52(1)+L< i )] —,BzML[d)z(l)—i-L( iz )} =0. (35)

The problem of determining the constant w? such that Eq. (27) admits nontrivial solutions ®;(¢)
satisfying conditions (28)—(35) is known as the differential eigenvalue problem [10].
The solution of Eq. (27) can be verified as

®(&) = A; sin B¢ + B; cos ;& + C; sinh ;£ + D; cosh &, (36)

where A4;, B;, C; and D;, i = 1,2 are constants to be determined by using conditions (28-35). The
detailed results can be seen in Appendix A.
By using conditions (28-35), we can obtain the characteristic equation for f5;:

o o o3 ois] [ Az

o1 o 03 O | | B2
=0, (37)
o3 oz o33 o34 | | Ca

041 042 043 o4 | | Do

where oy, i,j =1,2,...,4 are detailed in Ref. [11]. The characteristic Eq. (37) will be employed to
determine the resonant frequencies with respect to the different material stiffnesses and various
values of tip masses.

By using the determinant |o;| =0, i,j = 1,2,...,4 of the characteristic Eq. (37), rather than
using the relationship between the exciting frequency and the tip displacement [12], we could
obtain the relationship between the eigenvalue and the material stiffness. The detailed procedure
of calculating the material stiffness can be seen in Section 5.2.

2.7. Comparison

As the tip mass is neglected in Ref. [12], the numerical result is larger than the experimental
data, because the resonant frequency decreases by increasing the tip mass. This paper proposes
the complete analysis of the relationship between the resonant frequencies with the material
stiffnesses and the tip masses.

If the two piezoelectric layers, the damper and tip mass are neglected, the characteristic Eq. (37)
is the same as that in Ref. [13] by neglecting the length extending from the spring to the free end.
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If the two piezoelectric layers, the damper and material stiffness are neglected, the characteristic
Eq. (37) is the same as that of Ref. [14].

2.8. A simple case and sensitivity analysis

In addition, if the two piezoelectric layers are neglected, we can obtain the closed-form
characteristic equation for f:

1 4+ cos ff cosh
sin § cosh § — sinh f cos B+ 2BLsin 8 sinh f + (BL)*(cos 8 sinh ff + cosh f sin f)

K—p*M
_ Bf (38)
If £,>¢, we have L ~ 0, and the above characteristic equation becomes
1 4+ cos ff cosh f K- B*M (39)
sin f cosh f —sinh ff cos g

The above characteristic Eq. (39) will be employed to determine numerically the first and second
resonant frequencies with respect to the different material stiffnesses and various values of tip masses.

Differentiating Eq. (39) with respect to 3, and inversing the results, we obtain the derivative of §
with respect to K by treating dM/df = 0, and the derivative of f with respect to M by treating
dK/dp = 0. Thus, the first-order sensitivity analysis can be written as follows:

% = (sin f cosh f — sinh § cos B)*/[4p> M (sin f§ cosh f — sinh f cos )

— 3%(1 4 cos f cosh B)(sin f cosh f — sinh f cos p)

+ B3(sin® Bcosh? p + sinh? fcos® B + 2sin f sinh p)], (40)
;_Aﬁl = — p°(sin B cosh ff —sinh f cos B)*/[4K(sin f cosh f — sinh f§ cos f3)

+ B*(1 + cos f cosh B)(sin S cosh f — sinh B cos f)
+ B*(sin® fcosh? B + sinh? fcos® B + 2sin B sinh B)]. (41)

3. Damping determination from half-power bandwidth

One common method [15,16] of determining damping ratio is to measure the spectrum
bandwidth between points on the response curve, for which the response is some fraction of the
resonance spectrum of the system. In this paper, the half-power bandwidth of the frequency
spectrum is adopted to determine the material damping ratio.

Consider the viscous damping system shown in Fig. 1(a). The magnification factor (MF) can be
obtained in the following relation:

MF = {[1 — (w./w,)*] + 452712, (42)
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where w, is the frequency of maximum amplitude and w, is the circular frequency of vibration. It
is easily seen that the MF is a function of only two parameters: the frequency ratio (w./w,) and
the damping ratio ({).

The resonant magnification factor (RMF) is defined as the value of the MF at resonance. Thus,
the half-power magnification factor (HPMF) with the power being one-half of that at resonance is
related to the damping ratio as follows [15]:

HPMF = RMF/v/2 = (2«/5{)71. 43)

Combining Egs. (42) and (43), the two half-power frequencies (o!! and »®) corresponding to
half-power could be obtained as

oM = o, (1 £20)12 (44)
For small damping ratio ({<1/2), the above equation could be simple as
o~ o, (1 +0). (45)
Thus, we get the following relation between the dimensionless bandwidth and the damping ratio:
—w(’Z) o) ~ 2. (46)
,

4. Finite element method

By using the standard finite element technique [17] and assembling the equation of motion, we
obtain a set of ordinary differential equations for the piezoelectric cantilever bimorph beam:

MQ + CQ +KQ =F, (47)

where Q is the global displacement vector, M, C and K are the global mass, damping and stiffness
matrices, respectively, F is a force vector which includes the external voltage V..(¢) and the
initially normal force f, and

Q=I[q, ¢, o'l x 2n, (48)
n ¢y ty
M= 2p4 / NIN;dx +2p,45 [ NIN;dx
j=1 0 b
+ m{N(ls) "N(€s) + ([N(£5) "B(€5) + B(¢5) 'N(€5)] + *B(L) 'B(£y)}, (49)
C = c{N(€s)"N(€s) + ([N(€5)"B(€s) + B(£5) "N(£p)] + *B(L) 'B(£3)}, (50)

n & b Rty +1,)°4, (O
— . T, 4+ 31\&th T ip) Ap ™.
K= §' 1 2EI /0 D; D;dx +2EpI, /f D/ D, dx . /0 D/ D;dx
J= 14

+ KIN(€5) "N(€p) + €(N(£5) "B(s) + B(€,) 'N(€5)) + E7B(€s) " B(£y)]. (51)

n t,
j=1 ﬁ33 0
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where N is the shape function, B = (d/dx)N and D = (d? /dx*)N. The details can be seen in
Ref. [11].

It is assumed that the damping of the cantilever beam is negligible when compared with the
material damping. Thus, only the material damping constructs the damping matrix C, which is to
be measured. In the present study, the global damping matrix C can be written as

0 0 10 0 0 0
0 C/|” "o M, 0 K,
where it is assumed that the material damping is described by the proportional damping [18]:

C, = aM, + fKy, (54)

in which M, and K, are the 2 x 2 sub-matrices of M and K, respectively, and & and f3 are two
constants to be determined from frequency spectrum.
Premultiplying Eq. (54) by U} and postmultiplying by U;, we have

+ B , (53)

UlC, U, = aUIM,U, + UK, U, = dl + fQ, (55)

where the orthonormal conditions for the sub-matrices My and K, are used. The relationship [10]
among &, 3,{, and w, can be obtained as

&+ o’ =200, r=12,.... (56)

By inspecting the frequency spectrum, we could obtain w,, »{" and »!?. Then, the damping
ratio {, is calculated for each mode by using Eq. (46). The two constants & and f in Eq. (56) can be
obtained by using the w, and {, of two modes. Finally the matrix C; of material damping is found.

5. Numerical results

The material properties and geometric dimensions of the piezoceramic bimorph and nickel
beam [12] are listed in Table 1. In the numerical simulations, the voltage V.. = 100V is applied
from the initial time and the error tolerance 10~° of Runge—Kutta integration is taken. The initial
conditions Q and Q at 7 = 0 are zero for the forced vibrations, which are caused by the applied
voltage but not the initially normal force.

5.1. Determination of material stiffness

By using the characteristic Eq. (37), the first three eigenvalues shown as functions of the tip
mass and the material stiffness are exhibited in Fig. 2. In Fig. 2(a), as the material stiffness
increases, the first eigenvalue increases from 2.7866 to 3.2483 (A to B), the second eigenvalue
increases from 3.6122 to 6.5562 (C to D) and the third eigenvalue increases from 7.0208 to 10.0048
(E to F). In Fig. 2(b), as the tip mass increases, the first eigenvalue decreases from 2.9235 to 1.3556
(B to A), the second eigenvalue decreases from 4.0253 to 3.2536 (D to C) and the third eigenvalue
decreases from 7.6706 to 6.5792 (F to E). It is obvious from Figs. 2(a, b) that the eigenvalues
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Table 1
Material properties and geometric dimensions of the piezoelectric cantilever bimorph beam designed for the measuring
device

Nickel Piezoceramic
Young’s modulus E (N/m?): Ep, =1.221 x 10" E,=63x 10'°
Density p (kg/m?): pp = 7500 p, = 7600
h3i (N/C): 7.182 x 10°
B33 (Vm/C): 6.369 x 10°
Length £ (mm): £, = 69.94 £, =8.00
Width w (mm): wp = 3.45 w, = 3.45
Thickness ¢ (mm): t, = 0.50 t, = 0.50

increase as the material stiffness increases and the tip mass decreases. The material stiffness K
could be calibrated from Fig. 2(a), once the natural frequency w is actually measured by, for
example, an optical microscope, and then to calculate the eigenvalue 8, = ni/w.

For the special case, K — oo, the first three eigenvalues are ﬁ(zl) = 3.2483, ﬁ(zz) = 6.5562 and

(23) = 10.0048 which are the same as those of the clamped—clamped beam [10]. The first three
eigenvalues are ﬁ(zl) = 1.3556, ﬁ(zz) = 3.2536 and [323) = 6.5792 for the case M — oo.

Since the eigenvalues are distinct for the given M and K, the sensitivity analyses are also
distinct. By using Figs. 2(a) and 2(b), we obtain the derivative of f, with respect to K and the
derivative of f§, with respect to M, respectively. Thus, the first-order sensitivity analysis of
the eigenvalues can be obtained and the numerical results of the sensitivity analysis are shown in
Fig. 3. It is seen from Fig. 3(a) that the sensitivity of the first eigenvalue with respect to the
material stiffness has the maximum value at start point A and it has the largest change than
the other higher eigenvalues. Thus, the measuring in the material stiffness is preferable by using
the first-mode frequency. From Fig. 3(b), it is seen that the sensitivity of the first eigenvalue with
respect to the tip mass has the smallest change than the other higher eigenvalues.

In the simple case that the two piezoelectric layers are neglected and L ~ 0, by using the
characteristic equation (39), the first and second resonant frequencies are shown as functions of
the material stiffness and the tip mass in Figs. 4 and 5, respectively. The phenomenon is observed
in Fig. 4 that as the material stiffness increases the frequencies increase, and in Fig. 5 that as the
tip mass increases the frequencies decrease. Considering the special case, M = K = 0, the first and
second eigenvalues are ) = 1.8751 and p® = 4.6941, which are the same as those of the
clamped—free beam [10], and can be obtained by reducing Eq. (39) as 1 + cos fcosh f = 0.

In Fig. 4, it can be seen that the values of M and f have the same order in magnitude, but the
value of K may approach infinity. As the special case K — oo, Eq. (39) can be reduced to as
sin f8 cosh  — sinh B cos ff = 0, which can be solved for ) = 3.9266 and ® = 7.0686 as shown
in Figs. 4(a) and (b), respectively. This is the limit case for k> E;I; /513,, 1.e., the stiffness to be
measured is much larger than that of the cantilever beam. In Fig. 5, the parameter M of the tip
mass is chosen from 0 to 0.20 for practical applications [13,14]. In these ranges, the curves shown
in Figs. 5(a) and (b) are almost linear for the first and second eigenvalues.
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Fig. 2. The first three eigenvalues are shown as functions of the material stiffness and tip mass. (a) The eigenvalues
versus the material stiffness in case of M = 0.1104. (b) The eigenvalue versus the tip mass in case of K = 0.

The numerical results of sensitivity analysis with respect to the material stiffness (40) and the tip
mass (41) are shown in Figs. 6(a) and (b), respectively. In Fig. 6(a), the sensitivity di/dK for the
special case M = 0 has the maximum at points A and C, and has zeros at points B and D for the
first and second eigenvalues, respectively. In Fig. 6(b), the sensitivity di/dM for the special case
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Fig. 3. The sensitivity analyses of the eigenvalues. (a) The sensitivity with respect to the material stiffness with
M = 0.1104. (b) The sensitivity with respect to the tip mass without the material stiffness.

K = 0 has the zeros at points A and C, and has minimum at points B and D for the first and
second eigenvalues, respectively.

Numerical simulations by the finite element method are presented for the transverse vibrations,
in which five elements with convergent error 10~ of Runge—Kutta integration are taken and the
constant voltage V.. =100V is applied. The transverse vibrations shown in Fig. 7(a) with
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Fig. 4. The eigenvalues as functions of material stiffness could be determined for various values of tip masses
M = 0-0.20. (a) The first eigenvalue. (b) The second eigenvalue.

k=171.6N/m, m = 0.0001 kg and f = ON for different damping can be transformed to their
frequency spectrum by using the fast Fourier transform (FFT) as shown in Fig. 7(b) for the first
three modes. From Fig. 7(b), we can obtain w; = 110 Hz. With the dimensionless frequency

o = 2nwi\/ ppAplE /T Epl, = 099 and the eigenvalue f, = ny/w = 3.12, we calibrate the
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Fig. 5. The eigenvalues as functions of tip mass could be determined for various values of material stiffnesses
K = 0—1540. (a) The first eigenvalue. (b) The second eigenvalue.

dimensionless material stiffness K = 33 from Fig. 2(a), and calculate the measured material
stiffness 168.8 N/m. It is found that the error is 1.63%.

5.2. Determination of material damping

The transverse vibrations and their frequency spectrum are shown in Figs. 7(a) and (b),
respectively. It is found that the amplitudes and the spectrum decrease by increasing the damping.
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Fig. 6. The sensitivity analyses of eigenvalues. (a) Without the tip mass, the sensitivity of eigenvalue with respect
to the material stiffness. (b) Without the material stiffness, the sensitivity of eigenvalue with respect to the tip
mass.

Since there are two constants & and f3 in Eq. (56) to be determined, it at least needs two modes
of oV,w?® and o, from Fig. 8 to obtain {; and {, by using Eq. (46). From the practical
calculation, we obtain from Eq. (56) the two constants & = 10.06 and = 4.7E — 6, and by using
Eq. (54) we obtain the damping matrix as

C, = 10.06M, + 4.7E — 6K,. (57)
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Fig. 7. (a) The transverse vibrations and (b) the spectrum with £ = 171.6 N/m, m = 0.0001 kg and / = ON for different
dampers: ¢ = 0Ns/m—, ¢ = 0.04Ns/m--- and ¢ = 0.08 Ns/m — - —, and a constant voltage V.. = 100V.

Consequentially, the measured damping coefficient is 0.0404 Ns/m, and the error is about 2.0%.
The other different damper coefficients can be obtained in the same way and shown in Table 2,
where all the errors are less than 3.5%.

6. Conclusions

The triple-layer piezoelectric cantilever bimorph beam is successfully formulated based on the
general concept of the constitutive laws of piezoelectric materials and the introduction of kinetic
and strain energies in Hamilton’s principle. In this paper, the method to measure material
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Fig. 8. The spectrum with £k = 171.6 N/m, m = 0.0001 kg and f = ON for the damper: ¢ = 0.04 Ns/m, and a constant

voltage V.. = 100V.

Table 2

Material damping coefficients ¢, damping ratios {; and {,, proportionality constants & and f, the calculated damping

coefficients ¢ and the errors

¢(Ns/m) { 0 a B ¢ (Ns/m) Error (%)
0.01 0.0345 0.0164 7.46 1.01IE—6 0.0101 1.0
0.02 0.0458 0.0206 10.05 221E—-6 0.0204 2.0
0.04 0.0459 0.0207 10.06 4.72E — 6 0.0406 2.0
0.06 0.0464 0.0228 10.90 7.40E — 6 0.0619 3.2
0.08 0.0687 0.0312 14.99 9.80E — 6 0.0827 34

viscoelasticity is proposed. The analytical model could predict the material stiffness from the
measurement of the resonant frequencies, and the damping coefficient from the spectrum. The
examples, showing the procedures of determining these coefficients, are provided. From the
sensitivity analyses, the measuring in material stiffness is preferable by using the first-mode

frequency.
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Appendix A

The coefficients of the shape function (36) of the piezoelectric cantilever bimorph beam are

A= —C

sin i (cos fu~ — cosh B~ )(sin fyu~ + sinh fu”)

= (2 = 2cos fiu~ cosh fu)(cos i~ — cosh fu7)

- %cos Bott(sin® By~ — sinh? Byu~ — (2 — 2cos By~ cosh i)
1

" (2 — 2¢0s i~ cosh Py )(cos Py — cosh Py
4+ g, d oS Bop*(cos By~ — cosh By~ )(sin B u” + sinh fu7)
*] (2= 2cos B, i cosh fu~)(cos By~ — cosh By )
(2 sin o sin e = sin® fy” — (2 = 2e0s fyu cosh i)
1
* (2 —2cos By~ cosh By u~)(cos By~ — cosh B u~)
4,4 Sinh Bap*(cos Biu~ — cosh fyu”)(sin B~ + sinh Bp7)
*] (2 —2cos B u~ cosh fu~)(cos fu~ — cosh )
- %cosh Bout(sin® By~ — sinh? B u — (2 — 2cos B~ cosh 7))
1
" (2 —2cos B~ cosh By~ )(cos By~ — cosh B p™)
4+ p,d cosh Bop*(cos By~ — cosh By~ )(sin By~ + sinh fu7)
? (2 —2cos By~ cosh ;= )(cos By~ — cosh f ™)
- % sinh f,u " (sin? f,u~ — sinh® B, u~ — (2 — 2cos fu~ cosh B, 7))
+ 1

(2 = 2cos fi = cosh fu)(cos fi = — cosh fu7)

b

(A.1)
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By = —D

sin Bau*(cos By — cosh i) — %cos Bost*(sin iy — sinh )
1

=4
2 (2—2cosfju=coshfu")

cos fout(cos fyu~ — cosh fiu™) + e sin o™ (sin fyu~ — sinh B u7)
1

(2—2cosffju—coshfu)

+ B

sinh fyp*(cos i~ — cosh fu™) — %Cosh Pop* (sin pyp — sinh fp07)

(2—2cosfu~coshfu)

+ G

cosh Byu*(cos pyu~ — cosh fyu~) — %Sinh Popt*(sin = — sinh fp07)

D L . (A2
MG (2—2cosffjucoshfu) (A2)
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